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Calculation of Unsteady Transonic Flows Using the
Integral Equation Method

David Nixon*
NASA Ames Research Center, Moffett Field, Calif.

The basic integral equations for a harmonically oscillating airfoil in a transonic flow with shock waves are
derived; the reduced frequency is assumed to be small. The problems associated with shock wave motion are
treated using a strained coordinate system. The integral equation is linear and consists of both line integrals and
surface integrals over the flowfield which are evaluated by quadrature. This leads to a set of linear algebraic
equations that can be solved directly. The shock motion is obtained explicitly by enforcing the condition that the
flow is continuous except at a shock wave. Results obtained for both lifting and nonlifting oscillatory flows

agree satisfactorily with other accurate results.

Introduction

HE calculation of unsteady pressures on an airfoil at

transonic speeds is a critical problem in aerodynamics
because an accurate estimation of the pressure distribution is
necessary for either an adequate flutter analysis or the
prediction of other unsteady flight phenomena (such as gust
response). In two-dimensional flow most of the essential
features are represented by the nonlinear, unsteady, tran-
sonic, small-disturbance equation for the velocity potential.
For a flutter analysis, it usually can be assumed that the
airfoil is oscillating harmonically; the velocity potential then
can be expanded as a Fourier series in time. This reduces the
time-dependent governing equation to an infinite set of linear
partial differential equations that are independent of time.
The first of this set is .the mean steady flow; it usually is
assumed that the amplitude of the oscillation is sufficiently
small that only the second equation in the set, the fun-
damental response, need be solved in order to obtain an
adequate representation of the unsteady flow. Alternatively,
the basic time-dependent, small-disturbance equation may be
solved directly. A fundamental problem in transonic unsteady
flow calculations in which shock waves are present is
associated with the shock motion, since the movement of the
shock will cause very large pressure fluctuations in the region
traversed by the shock motion.

Presently available methods of solving the harmonically
decomposed problem include the finite-difference calculation
of Traci et al.! and Weatherhill et al.? In these methods no
account is taken of the shock motion, the shock being
assumed to remain essentially at its steady-state location. A
serious drawback of these procedures is the occurrence of a
severe numerical instability in the relaxation procedure used
to solve the difference equations. This instability occurs at a
critical Mach-number-dependent frequency beyond which the
method diverges. A means of countering the difficulty is given
by Hafez et al.?; however, the rate of convergence is slow.
The only available direct solutions of the unsteady, transonic,
small-disturbance equation: are those using the ADI method
of Ballhaus and Goorjian“; the shock motion appears
naturally in the course of the computations. All of the
preceding methods use shock-capturing algorithms. Shock-
fitting variations of these procedures are given in Ref. 3 for
the harmonic approach and by Yu et al.® for the direct ADI
approach. .
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An alternative method for the commonly used finite-
difference solutions of steady transonic flow problems is the
extended integral equation method developed by Nixon.® The
integral equation method gives a correct discontinuous
representation of shock waves without difficulty, and, using
the concept of analytic continuation,’ accurate treatment of
the boundary conditions is obtained easily. Furthermore, it
appears that the integral equation method® is computa-
tionally more rapid than the generally used finite-dif-
ference procedures. Although the method of Ref. 6 has been
applied only to steady transonic flow problems, an earlier,
approximate version® of the integral equation method is
derived for shock-free oscillatory flows. Most of the fun-
damental theory regarding the derivation of the unsteady
integral equation method is given in Ref. 8. In the present
paper, the extension of the extended integral equation
method® to include harmonically oscillating flows is
developed. The difficulties associated with the shock motion
are treated by the method of strained coordinates previously
developed® for steady perturbation problems. In this
technique, the coordinate system is distorted such that the
shock always remains at the same location throughout the
perturbation. The magnitude of the required straining, which
is related directly to the magnitude of the shock movement, is
found as part of the solution. The tangential boundary
condition is treated by the concept of analytic continuation’
or by standard thin airfoil theory, depending on the problem
under consideration. Although the basic integral equation is
derived for an arbitrary frequency, only examples at low
frequency are computed because the assumption of low
frequency leads to simplifications in computation.

Applications of the theory to the problem of a biconvex
airfoil harmonically pulsating in thickness and to an NACA
0012 airfoil oscillating in pitch are given. The steady-state
solutions for these computations are obtained using a shock-
capturing finite-difference program. The results of these
computations agree fairly well with results obtained by the
direct ADI method of Ballhaus and Goorjian.*

The computing time of the present method, 15 cpu-s on a
CDC 7600 for the pitching case, is about twice as fast as the
method of Ref. 4, even though no real attempt has been made
yet to optimize the program. Although these computing times
are for the low-frequency approximation, preliminary
studies " indicate “that the computing times for arbitrary
frequencies would be of comparable magnitude.

Basic Equation
For a freestream velocity and Mach number of U, and
M, , respectively, and in a Cartesian coordinate system (X, %)
scaled with respect to the airfoil chord with x aligned with the
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freestream, the unsteady, transonic, small-disturbance
equation is

(1 —=MZ)bge+ bz — (2M2Le/ UL )by — (M2 /UL,
:(‘Y+1)Mgoq§)e<i’xx (9]

where ¢ is the perturbation velocity potential, ¢ is time, vy is
the ratio of specific heats, and c is the airfoil chord; ¢ is a
transonic parameter for the small-disturbance equation. The
boundary conditions are as follows:

1) The flow at the airfoil surface remains tangential to the
moving airfoil surface.

2) The pressure is continuous off the wing, particularly
across the wake.

3) The perturbation velocity potential vanishes at large
distances upstream of the airfoil.

4) For subsonic trailing edge, the Kutta trailing-edge
condition must be satisfied, namely, that the velocities at the
trailing edge must remain finite.

For small-amplitude oscillations, the upper and lower
surface of the airfoil are denoted by z=2z,(x,t) and by
z2=12Z,(xt), respectively. It now is assumed that the wing
oscillates in simple harmonic motion with frequency w and
that the upper and lower surfaces of the wing at any time can
be expressed as

2 (1) =29, (X) + 24, (X) ™ (2a)
2 (51) =Zg (X) + 2 (X)e™ (2b)
where 7=2,,(x) and =2, (X) represent the mean profile,

and z,,(x) and Z,, (x) represent the mode shape of the
oscillation. The tangency boundary conditions are then

W()E,Z-u,[) :az_ou()?) {az—lu()z) iVZ]u()Z') } joot
U+a(%i, 0] ox Y U+anz,,n]¢
(3a)
LLC P M GO P B PG I
U+a(%i,0] % 3% U+a(%i, 0]
(3b)
where .
a$ _’ -’
w0 = 220 (4a)
G(Rir) = 3P (X,7,1) (4b)

ax

and v=wc/U,,, which is the reduced frequency.

As noted in the Introduction, one of the main difficulties
associated with unsteady transonic flows when shock waves
are present is to treat the shock motion correctly. In an allied
investigation® for the perturbation of steady transonic flows,
it is found that this problem is overcome easily by the use of a
strained coordinate system in which the shock location is
invariant. The main restriction is that no loss or generation of
shock waves may occur during the perturbation. The theory is
simplified if it is assumed that the shock wave is normal to the
freestream, since in this case only the streamwise coordinate
need be strained. For simplicity in presentation, it is assumed
that there is only one shock wave on each surface of the
airfoil. Following the basic ideas of Ref. 9, X then is expanded
as a Fourier series in time; thus,

X=x"+x;(x', £0)e™ +... %)
where x’ is the strained coordinate, and, from Ref. 9,

X, (x7, £0) =bx, (£0)%, (x", £0) (6a)
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220y = — 2 U=x) ‘<]
T T (20 U-x(x0)]” T T
x (x', £0)=0, x'<0, x' >1 (6b)

where x; (x’, £0) is the straining function for the upper and
lower surfaces, respectively; x/(+0) and éx, ( £0) denote the
steady-state shock location and the magnitude of the shock
oscillation in the upper and lower half-planes, respectively.

If k=(y+DMZ%, B=(1-M2)", and z=BZ, then
& (%,7,t) is expanded in the Fourier series

G (%,2,1) = (B2/Kk)[¢9(X,2) + ¢, (x',z)e™
x exp(iM2Qx’) +...] 7

where
Q=p/8° {8)

Substitution of the series given by Eqgs. (5) and (7) into Eq.

(1) and equating coefficients of e (n=0,1) gives, for the
first two equations of the infinite set,

d’ox,x, +¢0zz :¢0X,¢0X,X, 9
and

br,.. +¢11z+K2¢1 =g, +exp(—iMZQx")

X1, %10, _Zixlx,MiQUO) (10
where
oy = B0 2)
RS ax’

and

g, (x",2) =¢7, (x',2)up(x',2)

sivao|er, (Bou (g0 (an
where
o1, (x,2)=¢,  (x',2) +iMZQ,(x',2) (12)
and
K=M_Q (13)
Also,

Si(x2) =g, (X, £0) [ug (x',2) —uj(x',2)1}  (14a)
f2(x"2) = (U (x',2) —[uf (x",2) /2]) (14b)

In order to use the integral equation formulation in its
usual form, for which the boundary conditions must be
satisfied on the chord line, the concept of an analytic con-
tinuation of the boundary conditions is used. Basically the
exact boundary conditions on the airfoil surface are continued
analytically to the chord line by means of a Taylor series;
generally only the first two terms of the series are required. A
full disctssion of the ideas involved for steady flow is given in
Ref. 7. For unsteady flow, the analytic continuation boun-
dary conditions for Eqs. (9) and (10) are found to be

2
Wo(X', +0) =20uxl (xl) [1+%u0(xlrz0u)]

ué(x,JZOu) ] (ISa)

a
b0 (67) 5o [0 (' 120) =25
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2
W', =0) = Zau,, () [ 145wy (20

u?) (XI)ZDL) ]

5 (15b)

J
+2Zg (X7) Py [uO(X/JZ()L) -
X

wi(x',+0) = IZ,uX, (x") [1+ B{ uo(x’,zo,,)] +ivZ,,(x’ )I

2
X exp{ — iMZQx") + 67 07 (X .20,) Loy, (X7)

=z (XY 42, (X +0) 2y, (X7) ] (X520,)
X exp(—IMZ0x7) — 20, (X" Y122 (X', 70,)
+x,(x7, +0)wy (x7, +0)exp(—iMZQx") (16a)
- 382
w,(x,—0)= {ZILX, {(x") [H— 7 uo(x’,zo,‘)]
. 8?2
+ivZ,, (x’)}exp(«iMf,,Qx’) +—k~¢7x, (x",20.)

X ZOLX/ (x") =z (X7) +x,(x7, = 0)z,, . (x7)]

X o, (x',20, Yexp(—iML0x") — 24 (x )‘151;: (x",z01)

+x,(x =0y wy, (X, — 0)exp(—iML0x") (16b)
where
Wy (7, 2) = 220 X2 (172)
0z
w, (x' ) = 22r02) (17b)
0z
and
_ kK . . 2 k
Zop (X)) = =5 20u(X), Zypp (X7) = -5 2p (X) (18a)
8 B
. k. 2 k.
Z/u(x’)=[?21u(x), Z/L(X’)=szu(x) (18b)

The terms d)ozz(x’,z), ¢,..(x",z) are found in terms of the
more easily computed x’ derivatives by using Egs. (9) and
(10). The usual thin airfoil boundary conditions can be
deduced from Egs. (15) and (16) by neglecting the nonlinear
terms.

The pressure coefficient C, (x,z,¢) can be found from the
unsteady Bernoulli equation; to the order of approximation
of Eq. (1}, then

C,(%,2,0) = =2[b,(%,2,0) + (c/U,)é, (£,2,0)] (19)

C, (x,z,t) may be expanded in a time-dependent series such as
¢ (x,%,1); thus,
Cp(){)z‘)f): E Cpr! (X/,z)eiwm (20)
n=0

Noting that the straining is zero in the wake, then the unsteady
pressure coefficient in the wake is given to a first ap-
proximation by the second term of the series Eq. (20); thus,

2
C,(x',z7)= —2% [/, (x",2) +iQ, (x",2)lexp(iM2,Qx")
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The condition that there is no pressure jump across the wake
therefore is given by

Ad,  (x') +iA¢, (x') =0, x'=] (21
where the operator A for a function f(x’,z) is defined by
Af(x")=f(x',+0) —f(x', = 0) (22)
Equation (21) can bé solved to give the wake relation
Ag;(x"y=A¢, (Dexp[iR({-x")], x'=I (23)
The mean steady-state problem defined by Eqs. (9) and (15) is
identical to the steady problem except for the introduction of
the strained variable x’. It is assumed that this steady-state
solution is known, and hence it will not be considered further.
The normal weak shock jump relation for Eq. (10) is found
to be
[¢>1X, — & —exp(—iMZLQx")
(fl'*'X/X,fz'ZiX/X,Mibeo)]f =0 (242)
0,11 =0 (24b)
The normal shock relations for Eq. (9) are
[ug— (u3/2)1t =0 (25a)
o)L =0 (25b)
where [ ] denotes a jump across the shock wave. Sub-
stituting Eq. (25) into Eq. (24) and noting the definition of f,
from Eq. (14b) leads to the simplified jump condition:
(6, —& —exp(—iMZLOx') )11 =0 (262)
lo;1* =0 (26b)
Equation (10) together with Eq. (26) can be written in in-
tegral form using Green’s theorem. The details of the
necessary analysis closely follow those given in Refs. 8 and 10.

The integral equations for the derivatives of ¢(x’,z) can be
found after some manipulation. Thus, using also Eq. (23),

1
¢, (x2) =g, (x7,2) = SO (¥ (Kr)]e—oAd,, (£)dE

1
+ So v, (K")];:()A¢1g (&)d¢

—iQAp; (1) Slm[\pz (Kr)l,_oe -9 dg

- Ss S‘I’gx/ (Kryg, (£,0drdE+1p(x",2) 27

where ¥ (Kr) is the elementary solution of the equation
Vo + ¥ + K2V =6(r) (28)
where 6 (r) 1s the delta function, and
r=[x' =87+ (z-5717 (29)

The coordinates (£,{) correspond with the coordinates
(x’,z). Thus,

V(Kr) =iH§ (Kr) /4 (30
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where H{? (Kr) is the Hankel function of zero order and of
the second kind. /,(x’,z) is given by

Ir(x,2) =1 (x",2) +x;, (x7, £0)f,(x",2)

—2iIM%L0x,; , (x', £0)o(x’,2)]exp(— IM2Qx’)

| e k01 @0 1, B 201 0
iM%, (5, £0)69 (6,01~ IMLRY, (KD, (£.0)

), (6 01/, (5,.0) = 2iMLAX,, (5 £0)80 (£:0)]
=208, (5 +0)6, (£:0)

31, (6 20V (£.01¥,. (Kr) Jexp(—IMZ06)d0 d& G1)

In Eqgs. (27) and (31), the domain s of the integral is defined
as :

s [ (roc [ (e

e—0

oo (Gres)aee [ ([ e

Su

T e 1 (L ra] e

where x;,, x/, are the locations of the shock waves on the
upper and lower surfaces of the airfoil, respectively. As in the
case of steady flow,!© Eq. (27) degenerates to a symmetric
(with respect to z) equation in the limit as z— +0. The
necessary additional antisymmetric equation is obtained from

the integral equation for ¢_ (x’, £0), namely,
wip ey = = || 1 (KN o6, ()~ B, (£)1E
+i046, (1) S:o[\ps (Kr)]; o™/~ 8) dE
-, e tknte @0~ @0 e+ L) 63)

where the operator A is defined by Eq. (22):

Wi () = 08, (', +0) +9, (X, =] (4)
and
2 — gl(gx +0), §‘>0
aco={8 T 2, (35)

The term I, (x”) is given by

roy=tim (=] {1ve k0w @0 +x, 50
~2iM20x;, (5, £0) 9 (£, )]~ IMLOY, (KN If, (5,0)
(5 0V (£,0) —2iMAQx;, (5, £0) 0 (£,0)]

+ ¥, (Kr)x,,, (6 £0) /> (£8) — 2iIMQd, (£,9)])
X exp(—iMZLQE)dS ds) (36)

Low-Frequency Approximation

The complete integral equation for unsteady transonic flow
can be constructed from Eqgs. (27) and (33). Such a con-
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struction does, however, require the inverse of the an-
tisymmetric equation, Eq. (33); although this is possible, a
much simpler analysis results if a low-frequency assumption is
made, namely, that terms of order K? [including K? f (K)]
and higher can be neglected. In this case, the kernel ¥ (Xr)
reduces to the form

Y (Kr) = (1/27) b (Kr) +const + O(K?) 37

The constant vanishes during the necessary differentiations of
the kernel. It is this definition of the kernel function which
will be used in the remainder of the analysis. If the field in-
tegrals in the antisymmetric equation, Eq. (33), are assumed
known and are taken over to the left-hand side, then Eq. (33)
is in a form similar to that of the familiar incompressible
equation, and the usual methods of inversion’! can be ap-
plied. Thus, for low frequencies, the inversion of Eq. (33)
gives
v

86y, () +iad, (')~ [ag, )+ | ag (6yaz]

- l=e@IER) L G) weow
fanwa+ L{(55) ()

1
X
(x"—§)

iQA( ! :lA d 38
-Sa e (39)

where

W) =wir (e + | {0, R Looles (8.0

—8(&1d¢ dg—1, (x7) (39

C(£2/2) is Theodorsen’s function, defined by

Q H{? (9/2)
Y= 40
C(2) H(? (Q/2) +iH§ (2/2) (40)
and
AXL,E)=Vatn
’ — ’ ’ _ r_ 1%
X{(x /+£ 2x ,$)+[£x (2% 1)(2)(, 1)]% } @n
(x'+E—2x"8) —[Ex(2E—1) (2x’ — 1}]

If the velocity potential ¢(x’,z) and the shock shift
&x; ( £0) are split into real and imaginary parts, that is,

¢, (x',2) =¢F (x’,2) +ig](x’,2) (42a)

0x, (£0) =8xR (£0)+idxl (£0) (42b)

where a superscript R denotes the real part and a superscript 7
denotes the imaginary part, then the following comments are
valid.

If the frequency is zero, the problem reduces to one of
steady state, the solution of which is real. Hence the
imaginary parts in Eq. (42), that is, ¢/, (x’,z) and 6x]( £0),
are frequency-dependent and reduce to zero as the frequency
goes to zero. In the present low-frequency analysis, therefore,
terms such as Q¢§X/ (x’,z) and Q6x! are assumed to be
negligible. If this assumption is made, the low-frequency
approximation to the unsteady transonic integral equations is,
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after much algebraic manipulation,

dF (X ) U —up (x",)1=1F (x",2) +IR(x’,2)+ If (x',2,6xF)
43)

¢l (XL —ug(x,2) ) =1 (x",2) + 11 (x",2) + T} (x",2,6x])
(44)

where, as before the superscripts R and 7 denote real and
imaginary parts, respectively. The definitions of I, (x’,z),
I (x',z), and I, (x’,2,6x,) are given in the Appendix, where
it may be seen that Eq. (43) is independent of ¢ (x’,z) and its
derivatives and hence can be solved independently. The value
of ¢%(x’,z) and its derivatives then can be used in the
computation of ¢}(x’,z). It is seen that Eq. (43) will give an
infinite value for ¢fx, when u, is unity unless the right-hand
side is zero at that point. This gives the necessary equations
for 6xR ( £0), namely,

IR 1% (£0),2,6x8 (£0)]= — (If [xo (£0),2]+ I [x, ( £0),2]}
(45)

where x’ =x, ( £0) denotes the line where u, =1 on the upper
and lower half-planes, respectively. . Application of the
relation Eq. (45) at x,(+0) and x,( —0) gives the necessary
equations for xR (+0). A similar relation also applies for
dx! ( £0); thus,

I[xo (£0),2,8x{ (£0)]= — (1] [x,(£0),2] +I5[Xo(%0),2]}
(46)

If ¢,.. (x’,z) and dx,( +£0) are known, then the total value
é, (X,z,t) is found by the relation

6 (X,2,1) = (B%/k) (g, (x’,z).
X[ =8x,(£0)x; , (x', £0)e™]
+e’°"[q5,x, (x',2) +iM2.Q¢, (x',z)Jexp(iMZQx" )}  (47)
and

G (X,2,1) = (B2/k) [$o (x',2) + ™ exp(iMLOx' )¢, (x',2)]
(48)

. where
X=x'+e“x, (x',+0) 49

The real and imaginary components of ¢, (%7¢) and
¢ (X,7,t) can be found easily from Eqs. (47) and (48). The
pressure coefficient then is given by Eq. (19). Equations (43),
(45), and Eqs. (44), (46) are linear integral equations of
¢f.(x',z) and ¢§x, (x’,z), respectively, and are similar in
form to the steady perturbation equations, the numerical
solution of which is given in Ref. 12.

Briefly, the line and field integrals and reduced to finite
sums of the unknowns at selected points in the flowfield. In
the case of the field integral, the flowfield is divided into strips
parallel to the x’ axis, and the variation in the z direction of
the flow variables in each strip is approximated in terms of
values on the strip edges by linear interpolation. The field
integrals then are reduced to line integrals by integrating with
respect to {. These line integrals then are evaluated by
standard means. Having reduced the integral equations to a
set of linear algebraic equations by this means, the set of
equations then is solved directly using Gaussian elimination.
The regularity conditions, Eqs. (45) and (46), are in-
corporated directly into the governing set of equations. The
details of this procedure are given in Ref. 12.
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Results

The unsteady flow about two. sinusoidally oscillating
airfoils has been calculated using the preceding method: 1) the
flow about a nonlifting 10% biconvex airfoil at M, =0.808
pulsating in thickness between 9% and 11% of chord with a
frequency parameter of 0.1; and 2) a NACA 0012 airfoil at
M, =0.8 oscillating in pitch about the midchord at a
frequency parameter of 0.2; the amplitude of the oscillation is
Y2 deg, and the mean steady state is nonlifting. In both of
these calculations, the exponent g in Eq. (1) is taken to be 2.0.
The steady-state solution is calculated using a shock-
capturing, finite-difference method. The boundary conditions
used in the first example are the usual thin airfoil boundary
conditions. In the second example, the analytic continuation
boundary conditions of Eq. (16) are used.

In Fig. 1, the pressure distribution around the pulsating
biconvex airfoil is compared to results calculated by the
method of Ref. 4. The agreement is generally fairly
satisfactory, although the pressures in the region of the shock
when the shock location is forward are niot so good. This
disagreement probably is due to the effects of a fitted normal
shock (compared to the shock capture of Ref. 4) and to the
harmonic decomposition used in the present method. In Fig. 2
the shock motion is shown, and it can be seen that the
comparison with the result of the method of Ref. 4 is
adequate. The pressure distribution around the NACA 0012
airfoil is shown in Fig. 3 and the shock motion in Fig. 4. The
comparison of the present results with the finite-difference
results is satisfactory, and again the discrepancy in the
pressure distribution near the shock is attributed mainly to the
present use of a harmonic decomposition and normal shock-
fitting.

The computing time for the pitching case, 15 cpu-s on the
CDC 7600, is about twice as fast as the ADI* method. No

-8 — wt=0° — wt = 240°
| A
~4— 1 b Y |»
Cp \
N / L \ / 1 \1
4 ! | | J

-8— wt=183° x

== o= == PRESENT METHOD

BALLHAUS-GOORUJIAN 4

21= +2710 x{1 - x} sin wt
70 = 0.01

Fig. 1 Pressure distribution around a pulsating biconvex airfoil;
M, =0.808,»=0.1.
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75 — —— PRESENT METHOD
BALLHAUS-GOORJIAN 4
z1= £27¢ x{1 - x) sin wt

T~ 70 = 0.01
7/
/
/
.65 |-£
/
Xs
55—
.45 ] |
m . 27
(3}

Fig. 2 Shock oscillation for a pulsating biconvex airfoil;
M, =0.808, »=0.1.

-8 | wt=0° wt=216°
-aff |
cp
ok » ,%’
4 | ] | |

o PRESENT METHOD
BALLHAUS-GOORJIAN?

o= a, sin wt
(e = 1/2°)

Fig. 3 Pressure distribution around the upper surface of a NACA
0012 airfoil pitching about midchord; M, =0.8, »=0.2, ay = V2 deg.

attempt has been made to optimize the program; such op-
timization probably would reduce further the computing
time.

Concluding Remarks

The integral equation for unsteady transonic flow with
shock waves is derived; the shock motion is treated by means
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«-QO— PRESENT METHOD

BALLHAUS-GOORJIAN4
a=ay sin wt
{oy = 1/2°)
47 —
—
7~ N\
Xs .43
\a - AL
.39 f—
.35 [ l
B 4 2n

wt

Fig. 4 Shock oscillation for a pitching NACA 0012 airfoil;
M, =0.8,r=0.2, ay= "2 deg.

of a strained coordinate system. A simplified form of the
integral equation for low frequencies is derived and two
examples computed, the results of which agree satisfactorily
with other accurate calculations. Although the computations
are performed only for the low-frequency equation, there is
no fundamental barrier to a computation of the abritrary
frequency case except perhaps the formidable amount of
algebraic manipulation required. However, preliminary
investigations of the arbitrary frequency aspects indicate that
the computation of the problem would take about 2-3 times
that of the present method.

The advantages of the present method are that it is com-
putationally rapid, gives automatic shock fitting, and
probably can be extended to higer frequencies without too
much extra computational effort. The principal disadvantage
seems to be the restriction that shock waves cannot be lost or
generated during the motion; this restriction thus eliminates
study of the important nonlinear shock motion effects of
transonic flow. However, the restriction should not be a
factor in flutter analyses that depend on infinitesimal
motions.

Appendix: Definition of Terms for the
Low-Frequency Equation

In the definitions of the terms in the low-frequency
equation, the following notation is used.

Functions

Fi(8,0) =£1(68) +x;, (£, £0) /2 (£,0) (AD)

where f; (£, and f, (£,¢) are given by Eq. (14):

Fz(s,n=¢,(z,§)uo<s,§>+5im¢,E(s,r)uo(s,nds (A2)

F3 (6,0 =F(£,0) —2x,, (£, £0)99 (£,) —EF; (£,0)  (A3)

These functions also may be split into real and imaginary
parts, e.g., F, = FR +iF7.



982 D. NIXON

Integral Operators

For a function f(¢) or f(&,{), the following operators are
defined:

Leen=1(55) ) (5F5) o @y

1_
Ly(x" 60 = fr ("= )/SQ (z—fg)/ (){'(i)s)

d§ (A5)

Lonen = [V walren -fenicde  (a0)

where f(£, 1) is defined by

re0={ 2o i<o
Lcban=-| (v reoda (A7)
Lionen=| (e afenasa (A8)
Lixban=— | [vorendsae (A9)

where the integral over s is defined by Eq. (32), and the kernel
V¥ is defined by Eq. (37).

Integrals
The following integrals now are defined:

L (x")=L;(x",8,0,,Up) (A10)
Iz(x’)=—L3(x/,£,F,)-L5(x’,$x,$£f2) (AlD)

Ii(x")y=L;(x",;F, +2x15¢0+5F1)+L5 (x',&8,F, +2X1££¢0)
(A12)

As for the functions, these integrals also may be split into real
and imaginary parts.

Algebraic Operators

The following algebraic operators on a function f(£,{) also
are used:

Arf="21f(&, +0) +1(§ —0)]
Af=11f(E +0) —f(§ —0)]

The functions I, (x’,z), I;(x’',z), and I, (x’,z,6x;) now
are defined as follows.

Real Part
For z#0,

1 1
o= (W) ehshdi+ | (900,808 (A13)

If (X’,Z)=L4(XI,E,Z,¢§EUO) (A14)

If (¢, 2,0x) =Ly (x",£.2,Ff )+ Ls (x',£,2.xF f7) +FF (x,2)
(A15)

and, for z= =0,

1
If(x’, £0) = S (¥, ) g AR dE
0 z=0 ¢

AJAA JOURNAL

i , r , 2
[ DL 8ar0R) + Ly (0 EASE)

2

T scs ko] (A16)

X

IR (x",20) =Ly (x",£,0,6R ug) + (L, (x",£,1F)
+(7Q/2)L, (x" £, 18)] (A17)
IR (x', £0,6x,) =L (x",£,0,FF) + Ls (x",£,0,xF, /2)

+FR(x', £0) £[L,(x",6,15) + (7Q/2) L, (x',£,1§ )] (A18)

Imaginary Part

The imaginary part is given by the following relationships.
For z#0,

Hee = W abotais | (00,0800

~0a6F (D) | () ot + MLAIFS (x',2)

+L,(x',8,2,F8) —Ls(x',8,2,FR +2X,$$¢0+£f2)] (A19)
H(x',2) =Ly (X", £,2,6],u) (A20)

I(x’,2,0%,) =Ly (x,£,2,F}) + L (x" E.2,x0 [5) +F1(x",2)
(A21)

and, for z= +0,
1
I (x',+0) = go (Vo) 52086 0+ MLQIFE (x', +0)

~ Ly (%" E0FF) = Ly (x,£,0,FF +2x5 6,)]

Q Q
(L a0 + ML) =5 [0(5 ) +4]

’

J—x'\%pl
<ULy (g aref 1) = (5 ) ] A 6Rup) gl
X 0

Q¢!
ML (', £068) — ) | AGLE) (Arof +IF +15)ds

+Q0L,[x",E,A.0F (1)] - QA6 )

+2] ok & 0u (6 £0)d (A22)
where

— (M= I+6

‘Lg"( 2 >+M“Mm

In the preceding definition, v is Euler’s constant
(y=0.577216) and arises in the low-frequency expansion of
Theodorsen’s function C(Q/2) of Eq. (40), and A(x’,§) is
given by Eq. (41):

I(x',£0)=L, (X’,E,0,¢5£uo) £[L,(x",£1))]  (A23)

Th(x", £0,6%,) =Ly (x",£,0,F}) +Lg (x",£,0,}, /)

+Fi(x', £0) £ L, (x",£,1%) (A24)



SEPTEMBER 1978

References

ITraci, R. M., Albano, E. D., and Farr, T. L., ““Small Disturbance
Transonic Flows About Oscillating Airfoils and Planar Wings,”’ Air
Force Flight Dynamics Lab., AFFDL-TR-75-10, 1975.

2Weatherhill, W. H., Ehlers, F. E., and Sebastian, J. H.,
““‘Computation of the Transonic Perturbation Flow Fields Around
Two and Three Dimensional Oscillating Wings,”” NASA CR 2599,
1975.

3Hafez, M. M., Rizk, M. H., and Murman, E. M., *“Numerical
Solution of the Unsteady Transonic Small Disturbance Equations,”’

UNSTEADY TRANSONIC FLOWS USING THE INTEGRAL EQUATION 983

6Nixon, D., ““Calculation of Transonic Flows Using an Extended
Integral Equation Method,”” AIAA Journal, Vol. 15, March 1977, pp.
295-296.

7Nixon, D., ““An Alternative Treatment of Boundary Conditions
for the Flow over Thick Wings,”” Aeronautical Quarterly, Vol. 28, Pt
2, May 1977, pp. 90-96. .

8Nixon, D., ““An Aerofoil Oscillating at Low Frequency in a High
Subsonic Flow,”” British Aeronautical Research Council, ARC CP
1285, 1974.

9Nixon, D., ““Perturbation of a Discontinuous Transonic Flow,”’

AGARD Specialist’s Meeting on Unsteady Airloads in Separated and
Unsteady Flow, Lisbon, 1977.

4Balthaus, W. F. and Goorjian, P. M., “Implicit Finite-Difference
Computations of Unsteady Transonic Flow About Airfoils Including
the Treatment of Irregular Shock Wave Motions,”” AIAA Journal,
Vol. 15, Dec. 1977, pp. 1728-1735.

5Yu, N. J., Seebass, A. R., and Ballhaus, W. F., “An Implicit
Shock Fitting Scheme for Unsteady Transonic Flow Computations,”’
AIAA Paper 77-633, 1977; also AIAA Journal, Vol. 16, July 1978,
pp. 673-678.

AIAA Journal, Vol. 16, Jan. 1978, pp. 47-52.
10Njxon, D., ‘““Calculation of Transonic Flows Using Integral
Equation Methods,”” Ph.D. Thesis, Univ. of London, England, 1976.

U Bisplinghoff, R. L., Ashley, H., and Halfman, R. L.,
Aeroelasticity, Addison-Wesley, Reading, Mass., 1955.

12Nixon, D., “Direct Numerical Solution of the Transonic Per-
turbation Integral Equation for Lifting and Non-Lifting Flows,”
NASA TM 78518, Sept. 1978.

From the AIAA Progress in Astronautics and Aeronautics Series . . .

SPACE-BASED MANUFACTURING
FROM NONTERRESTRIAL MATERIALS-v. 57

Editor: Gerard K. O°Neill; Assistant Editor: Brian O’Leary

Ever since the birth of the space age a short two decades ago, one bold concept after another has emerged, reached full
development, and gone into practical application—earth satellites for communications, manned rocket voyages to the
moon, exploration rockets launched to the far reaches of the solar system, and soon, the Space Shuttle, the key element of a
routine space transportation system that will make near-earth space a familiar domain for man’s many projects. It seems
now that mankind may be ready for another bold concept, the establishment of permanent inhabited space colonies held in
position by the forces of the earth, moon, and sun. Some of the most important engineering problems are dealt with in this
book in a series of papers derived from a NASA-sponsored study organized by Prof. Gerard K. O’Neill: how to gather
material resources from the nearby moon or even from nearby asteroids, how to convert the materials chemically and
physically to useful forms, how to construct such gigantic space structures, and necessarily, how to plan and finance so vast
a program. It will surely require much more study and much more detailed engineering analysis before the full potential of
the idea of permanent space colonies, including space-based manufacturing facilities, can be assessed. This book constitutes
a pioneer foray into the subject and should be valuable to those who wish to participate in the serious examination of the
proposal.

192 pp., 6 X9, illus., $15.00 Mem., $23.00 List

TO ORDER WRITE: Publications Dept., AIAA, 1290 Avenue of the Americas, New York, N. Y. 10019




